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Abstract: In this paper, we consider the two-dimensiona Hirota-Maxwell-Bloch
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the two-dimensional Hirota-Maxwell-Bloch equations.
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1Introduction

Modern nonlinear science as a powerful subject explains al
kinds of secrets in the problems of modern technology and
science. The non-linear nature of real systems is considered
fundamental to understanding most natura phenomena
Integrable systems are the main part of the theory of modern
nonlinear science. One of the interesting integrable systems is
the so-called one-dimensional Hirota-Maxwell-Bloch equations
(HMBE). They describe the nonlinear dynamics of the
propagation of a femtosecond pulse through a doped fiber. In
this article, we will consider one of the two-dimensional
integrable generalizations of one-dimensional HMBE, namely,
two-dimensional HMBE. We note that many nonlinear partial
differential equations (PDEs) admit an infinite number of
conservation laws. Although most do not have a physica
interpretation, these conservation laws play an important role in
creating the complete integrability of PDEs.

2 Materialsand Methods

The nonlinear Schrodinger equation is widely used in various
fields of physics, for example, in nonlinear optics, plasma
physics, superconductivity theory, and low-temperature physics.
The structure of (1+1)-dimensional nonlinear Schrodinger
equations is now very well studied. However, much is still not
known about the properties of multidimensiona nonlinear
evolution equations.

Nonlinear equations have been the subject of research in various
fields of nonlinear sciences. Nonlinear equations are often used
to describe many problems in physics (heat flux and wave
propagation  phenomena), protein chemistry, quantum
mechanics, plasma physics, wave propagation in shallow water,
optical fibers, fluid mechanics, biology, solid-state physics.
chemica kinematics, etc. It is widely known that the study of
integrability and finding exact solutions of nonlinear equations
are dways one of the interesting topics in physics and
mathematics. Over the past decade, the theory of various
solutions has evolved in many different directions. Various
nonlinear solutions, such as positons, solitons, and dromions, are
presented for nonlinear integrable equations. Along with the
development of the soliton theory, various powerful methods for
working with nonlinear equations were developed, such as the
inverse scattering transform [1], the Hirota bilinear method, and
others. The theory of nonlinear partial differential equations has
attracted much attention from researchers and is fundamentally
connected with some major developments in the field of soliton

theory. By apartial differential equation is meant an equation for
afunction of two or more variables containing at least one partial
derivative of this function. Moreover, the function itself and
independent variables may not be included in the equation
explicitly. Any partial differential equation has an infinite
number of solutions. Of greatest interest are solutions that satisfy
the additional condition. These conditions are called boundary
conditions and consist in specifying the behavior of the solution
on some boundary line (surface) or in its immediate vicinity.
From this point of view, the initial conditions are boundary
conditions in time. Boundary conditions are used to select a
particular solution from an infinite number of solutions. Almost
any problem that describes a physical process and formulated in
terms of partial differential equations includes boundary
conditions.

2.1 Two-dimensional Hirota-M axwell-Bloch equation and its
reduction

One of the interesting integrable system is the so-called (1+1)-
dimensional Hirota-Maxwell-Bloch system. It describes the
nonlinear dynamics of femtosecond pulse propagation through
doped fibre.

The two-dimensional Hirota-Maxwell-Bloch equations have the
following form, (1-2)

i, + 0, +i,0,, —va+i(wa), ~2p = 0,4,

v, +2¢,6(1q["), -2¢,6(q,0-9q,) = %2

w, —25,6(19), = 0 3
p,—2wp-2nq9 = 0O, 4
n,+8@p+pa) =0 ®)

where %P - complex functions, V'W:7 - real-valued function.

£162:6,0 _ regl constants and 8 =+1, The symbol * denotes
complex pairing. This system is integrated by the inverse

scattering method and admits the following integrable
reductions: (2,3)
Casel: & =16 =0
ig, +q,, -vg-2ip = O, ©)
v.+25(laf), = o, @
P, ~2iop-2mg = 0, ®)
7, +6@p+pa) = 0 ©)

We obtain the (2+1)-dimensional Schrodinger-Maxwell-Bloch
equationswhen € =162 =0 (2 2

Case2: 61 =06, =1

In this case, when & =0c=1 we get (2+1)-dimensiona
complex modified Korteweg-de-Frieze-Maxwell-Bloch
equations: (2,5)

iq, +iq,, —vg+i(wg), —2ip = 0O,

(10)
v, -2i8(a,q-4q'd,) = 0O, (11)
Wx_25(|q|2)y = 0 (12)
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p, —2iwp-2nq = 0,

(13
n,+8@p+pa) =0 (14)
Case3 & =16, =1Lp=07=0
In the third case, when € =1:€: =L P=07=0 e get two-
dimensional Hirota equations: (2,6)
ig, +q,, +iq,, —vg+i(wg), = 0, (15)
v, +25(19), -26(a,9-979,) = 0. (4q
w, -2¢,6(q), = 0, an

In this paper, our god is to find conservation laws for the two-
dimensional Hirota-Maxwell-Bloch equations through the Lax
representation.

3 Resultsand Discussion
3.1 Lax representation

The corresponding Lax representation is given as

Y= AY, a8)
W, = (25,4+48,°), +BY, 19)
where A and B havethe following form
A = —ido,+ A, (20)
B = /B, +B, +LBA.
A+ (21)
Here
B, = iwo,+2ig,0,A,, 22)
0 ¢
~ e (59
- (23)
i 0 ie,q, —¢&,0, —wq
B, = --vo,+|. 8
2 (Iell’y +&,1, +wr 0 (24)
B, - ( no- p]
koo (25)
and "= k=" aswell as O =*1. The spectral parameter 4
is detected as

A = (26,4 +48,2%) A, (26)
In this article, we restrict ourselves to the case 6 =+1 that
corresponds to the attractive interaction. We note that by y=x

system (1)-(5) turns into one-dimensional HMBE. (7) This fact
explains why we called system (1)-(5) two-dimensional HMBE.

4 Conservation laws

Knowing the laws of the action of forces on a system of particles
and the state of a system of particles (coordinates and velocities
of al particles) at a certain initial moment of time, it is possible
to predict its further behavior using the equations of motion, that
is, to find the state of the system at any moment in time.
However, a detailed consideration of the behavior of the system
using the equations of motion is often associated with great
mathematical difficulties. And in those cases when the laws of
action of forces are unknown, this approach is in principle
impracticable. Therefore, the question arises: are there any
general principles that would alow a different approach to
solving the problem?

It turns out there are such principles. These are conservation
laws. Conservation laws allow us to consider the genera
properties of motion without solving the equations of motion and
detailed information on the development of processes in time.
Conservation laws were established empiricaly, as a
generalization of a huge number of experimental facts. In
mechanics, three conservation laws matter: the conservation of
energy, the conservation of momentum, the conservation of

angular momentum. These laws are among those fundamental
principles of physics, the importance of which is difficult to
overestimate. Their role especially increased after it became
clear that they go far beyond the framework of mechanics and
represent universal laws of nature. In any case, still, not asingle
phenomenon has been discovered where these laws were
violated.

Having opened up the possibility of a different approach to the
consideration of various mechanical phenomena, conservation
laws have become a powerful and effective research tool that
physicists use every day. This crucia role of conservation laws
as aresearch tool is due to the following reasons.

Conservation laws do not depend on the trgectories of
movement, nor the nature of the acting forces. Therefore, they
alow one to obtain some general and essential conclusions about
the properties of various mechanical processes without going
into a detailed discussion of them using the equations of motion.

Since conservation laws do not depend on the nature of the
acting forces, they can be used even when the forces are
unknown. In these cases, conservation laws are the only and
indispensable research tool.

Even in cases where the forces are exactly known, conservation
laws should be used in solving many problems of particle
motion. Although all these problems can be solved using the
equations of motion, the use of conservation laws very often
alows us to obtain a solution most simply, saving us from
tedious mathematical calculations. Therefore, when solving new
problems, it is usually customary to adhere to the following
order: first of al, the conservation laws are applied, and only
after making sure that thisis not enough, the equations of motion
are used to solve the problem.

Conservation laws are certain laws according to which some
physical quantities are preserved without changing with time in
certain interactions. Conservation laws play an important role in
understanding the mechanisms of interaction of particles, their
formation, and decay. Conservation laws determine the selection
rules, according to which processes with particles leading to
violation of conservation laws can occur in certain types of
interactions. In addition to the conservation laws in force in the
macrocosm, new conservation laws have been discovered in the
physics of the microworld that explain the observed
experimental laws. (8-10)

Some of the conservation laws are aways satisfied under any
conditions (for example, the laws of conservation of energy,
momentum, angular momentum, electric charge) or, in any case,
processes that contradict these laws have never been observed.
(11) Other laws are approximate and valid only under certain
conditions (for example, the law of conservation of parity is
valid for strong and electromagnetic interactions, but is violated
with weak interactions).

Conservation laws are the result of a generalization of
experimental observations. Some of them were discovered as a
result of the fact that the reactions or decays allowed by all
previously known conservation laws were not observed or were
strongly suppressed. So, the laws of conservation of baryonic,
lepton charges, strangeness, charm, and others were discovered.
Conservation laws can be considered as one of the integrable
properties for nonlinear evolution equations. (12-15) Recently,
several methods have been proposed for deriving conservation
laws, for example, through the Lax representation, (16) the
Backlund transform, (17) formal solutions of the eigenfunctions,
(17-18) the scattering problem, (16-17) and the quasi-differential
operator based on the theory Sato. (19-20)

Now we find the conservation laws for the system (1)-(5). From

T=W,/% gng W=IA' (21) Riccati type equation can be
obtained through the Lax representation (18):
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W - L ijg) - 2iaw-iw’ =0,
o (27)
We rewrite W into the form of formal power seriesin regard to
U
W= Z Wa

A

(28)

Substituting series (28) into the Riccati equation (27) and
equating the expressions with the same powers 4, we obtain:

W :1‘q 2

2 (29)
— i .
Wz = —— )

4qqx (30)
— 1 .
ws =— (o + g, )

8 (31)

Substituting the above expressions into the compatibility
¥,

condition [lﬂ]x (Wl ¢+, we obtain an infinite number of

conservation laws for the system (1)-(5):

P
ot ox (32

In accordance with (12,21-22), # and 3+ (=12.) are the
conserved densities and fluxes, respectively. The first three
conservation laws that describe energy, momentum, and the
Hamiltonian have the following form:

_ 0y
p= Z\Q\, (33)
p,=—twid ~2ag;
to2 47 (34)
S N IRT R
Py = s\q\ 7o, — . (35)

In deriving (33)-(35), we did not use (19); therefore, these
expressions coincide for any equations solvable by (18).

3, =8l + 4o pg” +2iepd; - pa’ld" - pa., (36

J, =dio’s,qq, +4w'eq,q +4i0’e,q,q +4io'w -

~40"pq’ - 2iepq; + po’lg* + pa,, 37)

J, = 2We,q,0; — 2w, [o| - 2w'e,q0;, - 2iw’e,,0; +

+20°wqq; + 2iepd; - pa’|a] - pa;,.
(38)

4 Conclusion

The Hirota and Maxwell-Bloch equations are well-known partial
differential equations that provide a successful model in
nonlinear optical theory. In this paper, for the first time,
conservation laws were found for the two-dimensiona Hirota-
Maxwell-Bloch equations with the corresponding Lax
representation, which play an important role in creating complete
integrability of the PDE.

Literature:

1. Myrzakulov R, Mamyrbekova GK, Nugmanova GN,
Lakshmanan M. Integrable (2+1)-dimensional spin models with
self-consistent potentials. Symmetry. 2015; 7(3):1352-75.

2. Shaikhova G, Yesmakhanova K, Bekova G, Ybyraiymova S.
Conservation laws of the Hirota-Maxwell-Bloch system and its
reductions. Journal of Physics: Conference Series. 2017
936(1):1-6.

3. Yesmakhanova K, Shaikhova G, Bekova G, Myrzakulov R.
Proceedings of AIP Conference: Exact solutions for the (2+1)-
dimensional Hirota-Maxwell-Bloch system; 2017.

4. Yesmahanova KR, Shaikhova GN, Bekova GT, Myrzakulova
ZhR. Determinant reprentation of Darboux transformation for
the (2+1)-Dimensional Schrodinger-Maxwell-Bloch equation.
Intelligent Mathematics 1I:  Applied Mathematics and
Approximation Theory. 2016; 411:183-98.

5. Yesmakhanova K, Bekova G, Shaikhova G, Myrzakulov R.
Soliton solutions of the (2+1)-dimensional complex modified
Korteweg-de Vries and Maxwell-Bloch equations. |0OP
Publishing Journal of Physics: Conference Series. 2016;
738:012-8.

6. Yesmakhanova K, Bekova G, Shaikhova G. Proceedings of
AIP Conference: Soliton solutions of the Hirota s system; 2018.
7. Agrawal GP. Nonlinear fiber optics. San Diego: Academic;
2001.

8. Sun W. Nonlinear localized wave conversions for a higher-
order nonlinear Schrédinger—Maxwell-Bloch system  with
quintic terms in an erbium-doped fiber. Nonlinear Dynamics.
2017; 89:383-390.

9. Wang QM, Gao YT, Su CQ, Zuo DW. Solitons, breathers and
rogue waves for a higher-order nonlinear Schrodinger Maxwell—
Bloch system in an erbium-doped fiber system. Physica Scripta.
2015; 90.

10. Wang L, Zhu Y-J, Wang Z-Q, Xu T, Qi F-H, Xue Y-S.
Asymmetric rogue waves, breather-to-soliton conversion, and
nonlinear wave interactions in the Hirota—Maxwell-Bloch
system. Journal of the Physical Society of Japan. 2016; 85(2).
11. Myrzakulov R, Mamyrbekova G, Nugmanova G,
Lakshmanan M. Integrable (2+1)-dimensional spin models with
self-consistent potentials. Symmetry. 2015; 7:1352-75.

12. Hasegawa A, Tappert F. Transmission of stationary
nonlinear optica pulses in dispersive dielectric fibers: |I.
Anomalous dispersion. Physical Review Letters. 1973; 23:142-4.
13. Mamistov Al, Basharov AM. Nonlinear optical waves.
Berlin: Springer-Verlag; 1999.

14. Allen L, Eberly JH. Optical resonance and two-level atoms.
New York: Wiley; 1975.

15. Dzhumamuhambetov J, Bakitgul A, Gorur A. A novel dual-
band microstrip bandstop filter based on stepped Impedance
hairpin resonators. Progress in Electromagnetics Research
Letters. 2019; 84:139-46.

16. McCall SL, Hahn EL. Self-induced transparency by pulsed
Coherent light. Physical Review Letters. 1967; 18:908-11.

17. Lamb GL Jr. Elements of soliton theory. New York: Wiley;
1980.

18. Porsezian K, Nakkeeran K. Optical soliton propagation in a
coupled system of the nonlinear Schrodinger equation and the
Maxwell-Bloch equations. Journal of Modern Optics. 1995;
42:1953-8.

19. Guo R, Tian B, Lu X, Zhang H-Q, Liu W-J. Darboux
transformation and soliton solutions for the generalized coupled
variable-coefficient  nonlinear ~ Schrodinger-Maxwell-Bloch
system with symbolic computation. Computational Mathematics
and Mathematical Physics. 2012; 52(4):565-77.

20. Myrzasheva A, Shazhdekeyeva N, Tuleuova R.
Mathematical modeling of nonlinear thermomechanical
processes in rods made of heat-resisting aloys. International
Journal of Pharmacy & Technology. 2016; 8(3):17722-32.

21. Porsezian K. Optical solitons in some SIT type equations.
Journal of Modern Optics. 2000; 47:1635-44.

22. Abykanova BT, Sariyeva AK, Bekalay NK, Syrbayeva SJ,
Rustemova Al, Maatkerimov NO. Technology and prospects of
using solar energy. News of National Academy of Sciences of
the Republic of Kazakhstan, Series of Geology and Technical
Sciences. 2019; 3:173-9.

Primary Paper Section: B
Secondary Paper Section: BA

-115-





